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Throughout this extended abstract of our joint work [2] we denote by FN
the non-abelian free group of finite rank N ≥ 2. We assume familiarity of
the reader with the basic terminology around the combinatorial theory of
automorphisms of free groups.
In order to work with free groups, in particular for algorithmic purposes,
one works almost always with a fixed basis A of FN . In this case one has
a canonical bijection between elements of FN and the set F (A) of reduced
word in A∪A−1.
The distinction between reduced words and free group elements, though
unusual in the classical approach to free groups, is rather important for the
work presented here. The reason is that a reduced word w = y1 . . . yr ∈ F (A)
allows a second, dual interpretation: Every such w determines a subset of
∂FN , defined by the cylinder C
1
w ⊂ ∂F (A), where by ∂F (A) we denote the
set of infinite reduced words in A∪A−1:
C1w = {x1x2 · · · | x1 = y1, . . . , xr = yr}
Note that the subset of ∂FN defined by C
1
w depends not only on the element
of FN given by the word w, but also on the chosen basis A. An equivalent
way to express this dependency is to note that for any automorphism ϕ ∈
Aut(FN ) one has in general:
ϕ(C1w) 6= C
1
ϕ(w)
Indeed, the image of a cylinder under an automorphism ϕ ∈ Aut(FN ) is in
general not a cylinder, but a multi-cylinder, i.e. a finite union of cylinders.
In his thesis and a subsequent publication (see [1]) the first author of the
work presented here has given an efficient algorithm how to determine this
finite union, and in particular he has proved the following formula:
Theorem 1 ([1]). (a) Let ϕ be an automorphism of the free group FN with
finite basis A. For any u ∈ F (A) there exists a finite set U ⊂ F (A) such
that:
ϕ(C1u) = C
1
U :=
⋃
ui∈U
C1ui
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(b) A set U as in statement (a) can be algorithmically derived from u ∈ F (A)
and from the words in the finite subsets ϕ(A) and ϕ−1(A) of F (A). Indeed,
the equality in (a) is true for
U = {ϕ(u′)|S(ϕ)2 | u
′ ∈ u|k} ,
with k = S(ϕ)4 + S(ϕ)3 + S(ϕ)2, where S(ϕ) is the maximal length of any
ϕ(ai) or ϕ
−1(ai) among all ai ∈ A.
Here for any reduced word w ∈ F (A) and any integer l ≥ 0 we denote by
w|l the word obtained from u by erasing the last l letters, and by w|
l the set
of all reduced words obtained from u by adding l letters from A∪A−1 at the
end of w.
A multi-cylinder C1U ⊂ ∂F (A) does not uniquely define the finite set
U ⊂ F (A), but in [1] it has been shown that there is a unique reduced subset
Umin ⊂ F (A) of minimal cardinality which satisfies C
1
U = C
1
Umin
, and that
Umin can be derived from U by an elementary reduction algorithm. We use
these facts to define for any ϕ ∈ Aut(FN ) the dual automorphism ϕ
∗
A
as
follows:
Definition 2. For any u ∈ F (A) let ϕ∗
A
(u) be the reduced subset of F (A)
that satisfies:
C1ϕ∗
A
(u) = ϕ(C
1
u)
The reader should be warned that, as is indicated by the name, the dual
automorphism depends heavily on the choice of the basis A of FN .
There are several immediate natural questions which come to mind if one
considers the definition of ϕ∗
A
, concerning for example the seize of the set
ϕ∗
A
(u) ⊂ FN , its computability, and its behavior under iteration of ϕ
∗
A
. We
will state now the main results of our joint work [2]; in particular, Theorem
5 seems surprising and note-worthy to us.
The following result is inspired by the above Theorem 1 and proved by
similar methods:
Theorem 3. For any automorphism ϕ ∈ Aut(FN ) and any basis A of FN
there exists a finite collection U(ϕ∗
A
) = {U1, . . . , Ur} of finite sets Ui ⊂ F (A)
of reduced words, such that for every w ∈ F (A) the dual image ϕ∗
A
(w) is
given by vUi, for some v ∈ F (A) and Ui = Ui(w) ∈ U(ϕ
∗
A
). The word v can
be specified further to v = ϕ(w|k)|K for some constants k,K ≥ 0 which are
independent of w.
In particular, the cardinality of ϕ∗
A
(w), for any w ∈ F (A), is bounded
above by a constant which only depends on ϕ (and the fixed basis A).
The computation of the constants k and K and of the finite sets Ui is
possible by the use of Theorem 1, and writing an efficient computer program
should not be a very difficult task.
However, the result stated below in Theorem 5 is much more striking and
also more useful for computational purposes; it came about when we tried
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to look at the easiest non-trivial example, namely an elementary Nielsen
automorphism:
Remark 4. [Fundamental formulas] We recall Nielsen’s famous result that
every automorphism of a free group can be written as product of elementary
automorphisms, which can be regrouped into the following two types:
(a) For the “standard” the elementary Nielsen automorphism ϕ ∈ F (A), for
A = {a, b, c1, . . . , cq}, given by a 7→ ab, b 7→ b, cj 7→ cj , we obtain (where
we use the convention that a product of words uv is written as u · v if no
cancellation occurs between the end of u and the beginning of v):
ϕ∗A(w · a) = {ϕ(w) · a}
ϕ∗A(w · a
−1) = {ϕ(w)b−1 · a−1)}
ϕ∗A(w · b) = {ϕ(w) · b, ϕ(w) · a
−1}
ϕ∗A(w · b
−1) = {ϕ(w)b−1 · b−1, ϕ(w)b−1 · a}
ϕ∗A(w · cj) = {ϕ(w) · cj}
ϕ∗A(w · c
−1
j ) = {ϕ(w) · c
−1
j }
(b) The other class of elementary automorphisms ϕ is given by a permutation
of the letters in A, or by an inversion of some of them. In other words, one
has |ϕ(ai)| = 1 for every ai ∈ A, and there is never a cancellation in the
image of a reduced word. As a consequence one obtains directly
ϕ∗A(w) = {ϕ(w)}
for any w ∈ F (A).
These fundamental formulas give a straight forward method to calculate
the analogous formulas for any automorphism, by applying the above fun-
damental formulas in an iterative way. This leads directly to:
Theorem 5. For any automorphism ϕ ∈ Aut(F (A)) the collection U(ϕ∗A)
from Theorem 3 can be specified to consist of precisely 2N sets U(x), with
x ∈ A ∪ A−1, such that for every reduced word w = y1 . . . yq one has (using
the terminology of Theorem 3):
Ui(w) = U(yq)
Furthermore, if ϕ is the product of elementary automorphisms (i.e. basis
permutations, basis inversions, or elementary Nielsen automorphisms), then
the cardinality of each U(x) is bounded by 2t, where t is the number of
elementary Nielsen automorphism in the above decomposition of ϕ, and the
constants k ≥ 0 and K ≥ 0 from Theorem 3 can be chosen as k = 1 and
K = 0.
The 2t-bound from the last theorem suggests the definition of a dual
growth rate λ∗ϕ which can be defined for example as the limit superior of the
family of values (card(ϕk)∗
A
(x))
1
k , for x ∈ A ∪ A−1 and k ∈ N.
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Theorem 6. For any automorphism ϕ ∈ Aut(FN ) the dual growth rate λ
∗
ϕ
is independent of the choice of the basis A. It can be calculated as Perron-
Frobenius eigenvalue of a 2N × 2N -matrix which can be algorithmically de-
rived from ϕ.
It turns out that cylinders are less natural objects in group theory than
in combinatorics: For example, on has vC1u = C
1
vu only if u isn’t completely
cancelled when reducing vu. This (and related) problems vanish if one
passes over to double cylinders C2[v,w], for v,w ∈ F (A), which are defined as
sets of endpoint pairs of biinfinite reduced paths in the Cayley tree Γ˜A(FN )
that pass through both vertices v and w. All of the result stated above for
single cylinders have natural analogues for double cylinders (compare [1]).
Double cylinders play a natural role in defining currents for free groups and
in properly setting up the basic theory of such, see [3, 4]. Indeed, one way
to name concretely a current µ is to specify its Kolmogorov function, which
is the non-negative function µA : F (A) → R which associates to every
w ∈ F (A) the current measure µ(C2[1,w]) of the double cylinder C
2
[1,w] ⊂
FN × FN r diagonal.
In §6 of [4] a formula is derived how to derive from the Kolmogorov func-
tion for a current µ that for the image current ϕ(µ), for any ϕ ∈ Aut(FN ).
The above finiteness statements and the algorithmic applications allow a
substantial simplification and specification of this formula. The interest to-
wards a concrete and effective calculation of ϕ(µ) from known data for ϕ
and µ was one of the original motivations to stimulate this work.
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